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1. INTRODUCTION AND PREL IMINARIES  
In 1977, Tarafdar [1] proved the following theorem. 
THEOREM i .  Let E be a Hausdortf topological vector space, K a compact convex subset of E. 
Let T be a (single valued) monotone mapping of K into E* (the dual space of E). If  for each 
v E K,  there exists u E K such that (T(u) ,u - v) < O, then there exists an element uo E K such 
that 
(T(uo),  v - uo) >_ O, 
for all v E K .  
It has already been pointed out in [1] that the corollary of Theorem A contains the correspond- 
ing result of [2] and Theorem 1.1 of [3] as a special case. 
The main objects of this paper are to improve Theorem A from the following two hands: 
(1) K is assumed to be an H-space without linear construction, 
(2) T is extended to a multivalued mapping from a compact H-space K into a topological 
space Y. 
Before proceeding to the main results, we consider some elementary concepts. 
Let X and Y be two topological spaces and r E R. A functional ~ : X × Y ~ R U {±~} is 
called to be r-transfer upper semicontinuous in y iff for each x E X and y • Y, ~o(x, y) < r implies 
that there exists a point x t • X and an open neighborhood N(y) of y such that ~(x' ,  z) < r for 
all z • N(y). 
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Let X be a subset of a linear topological space E over the reals and E* be the dual space of E. 
A multivalued mapping T : X --- 2 E° is called to be monotone provided for each (x, y) E X x X 
and each (u, v) E T(x) x T(y), (u - v, x - Yl >- 0 holds. 
The following definition is the generalization of the above concept. 
DEFINITION 1.1. Let X and Y be two nonempty sets. Let ~0 : X x Y x X --* R be a functional and 
T : X -* 2 Y be a multivalued mapping. T is called to be ~o-monotone ifffor each (x,z) E X x X 
and each (u, v) E T(x) x T(z), 
~(x, u, z) - ~(z,  v, z) > o 
holds. 
REMARK 1. If X is a nonempty convex subset of a linear topological space E,Y  = E*, T : 
X --* 2 E" is monotone, and let ~0(x, w, z) = (w, x - z) for any (x, z) E X and any w E E*, then T 
is ~o-monotone. 
DEFINITION 1.2. (See [4].) Let X be a topological space and ~(X)  be a family of all nonempty 
finite subsets of X.  Let {FA} be a family of nonempty contractible subsets of X indexed by 
A E Y (X)  such that FA C FA,, whenever A C A'. The pair (X, {FA}) is called an H-space. 
Given an H-space (X, {FA}), a nonempty set D is called H-convex if FA C D for each nonempty 
finite subset A of D. The H-convex hull of a nonempty subset K in X,  denoted by H-co K, is 
the set o { D C X : D is H-convex and K C D }. 
Let (X, {FA}) be an H-space and Y be a topological space. Let C be a nonempty subset of X 
and ~o : C x Y --* R O {+oo} a functional. For each y E Y, ~o(x, y) is called to be H-quasi-convex 
(quasi-concave) in X, iff for each finite subset {x l , . . . , xn}  C C and each x E F(xl ..... x,}, the 
following holds: 
~(x, y) < max ~(x~,y), 
- 1<i<,~ 
(~o(x, y) _> minl<i<n ~(xi, y), respectively). 
DEFINITION 1.3. (See [5].) Let X and Y be two topological spaces. A multivalued mapping 
T : X --* 2 v is called to be transfer closed (open) valued, if?for each x E X and each y q~ T(x)(y E 
T(x), respectively), there exists x' e X such that y ¢ cl[T(x')](y E int[T(x')], respectively), 
where cl [T(x')] and int[T(x')] denote closure and interior of T(x'), respectively. 
A topological space is called to be acyclic iff all of its reduced C~ch homology groups over 
rationals vanish. In particular, any contractible space is acyclic, and thus, any nonempty convex 
or star-shaped set is acyclic. 
2. MAIN  RESULTS 
In this section, we shall prove improved versions of Theorem A. 
Lemma 1 will be the basic tool for our purpose, which is equivalent to Theorem 3.1 of [6]. In 
order to bring this paper to completion, we give its proof, too. 
LEMMA 1. Let X be a nonempty compact subset of a topological space Z and (Y, {FA}) an 
H-space. Suppose that G, F : Z --~ 2 Y, T : Y --* 2 x are multivalued mappings uch that 
(i) for each x E X,  G(x) ~ 0 and H-co G(x) C F(x), 
(ii) G -1 : Y --* 2 Z is transfer open valued, where G-l (y)  = {x E Z : y ~ T(x)} for each 
yEY ,  
(iii) T is upper semicontinuous and for each y e Y, T(y) is a closed acyclic subset of X.  
Then, there exists a point Xo E X and a point Yo E Y such that Xo E T(yo) and Yo E F(xo). 
PROOF. By Theorem 2.2 of [7], there exists a continuous election f : X --* Y of F Ix such that 
f = got ,  where g : An ~ Y and ¢ : X --* An are continuous mappings, n is some positive integer 
and An is the standard n-dimensional simplex. For each u E An, let S(u) = T(g(u)]. Then, 
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S : An --* 2 x is an upper semicontinuous multivaiued mapping with compact acyclic values by (iii) 
and the continuity of g. Since again ¢ : X --* An is a continuous mapping, there exists a point 
uo e An such that u0 E ¢[S(uo)] by Lemma 2.1 in [8], i.e., there is a point Xo E S(uo) = T[g(uo)] 
such that uo = ¢(xo). Let Yo = g(uo). Then, Yo = g[¢(xo)] = f(xo) E F(xo) and xo E T(yo). 
This completes the proof. I 
If X = Y is a compact H-space and T = I is the identity mapping on X, then Lemma 1 
reduces to Lemma 2, which contains Corollary 2.3 of [7]. 
LEMMA 2. Let (X, {PA}) be a compact H-space and G, F : X ~ 2 x two multivalued mappings 
such that 
(i) for each x E X, G(x) # 0 and H-co G(x) C F(x), 
(ii) G -1 : X --. 2 x is transfer open valued. 
Then there exists a point xo E X such that xo ~ F(xo). 
THEOREM 3. Let (X, {FA}) be a compact H-space and Y a topological space, and ~ : X x Y × 
X --* R be a functional. Suppose that T : X --* 2 x is a ~-monotone multivalued mapping with 
nonempty values such that 
(i) ~(x, y, z) is H-quasi-convex in x, 
(ii) ~P(v, u) := inf~eT(~) ~(v, y, u) is o-transfer upper semicontinuous in u, 
(iii) for each u ~ X, there is a point v E X such that inf~eT(~) ~(v, y, u) < 0, 
(iv) for each u ~ X, there exists w E T(u) such that ~(u, w, u) > O. 
Then, there exists a point uo E X such that 
sup ~o(v, w, u0) _> 0, 
weT(uo)  
for aJl v E X. 
PROOF. If the conclusion is false, then for each u E X, there is a point v E X such that 
SUPweT(u ) ¢p(v, w, u) < 0. Let 
S(u)=(vEX:weT(u)sup ~(v ,w,u)<O},  VuEX.  
Then S : X --* 2 x is a multivalued mapping with nonempty values. 
For each u E X and each finite subset A = {vl , . . . ,  vn} of S(u), we have 
sup ~(vi, w, u) < 0, i = 1, 2 . . . . .  n. 
weT(u)  
Hence, there is a real number E R such that 
sup ~a(vi,w,u) < r < 0, i = 1 ,2 , . . . ,n .  
wET(u)  
For each v E FA and each w E T(u), by (i) 
Hence, 
~O(V, w, u) < max ~o(vi, w, u) < r. 
-- l<_i<n 
sup ~(v,w,u)  <_ r < 0, 
weT(u) 
i.e., v E S(u) and so FA C S(u). It implies that S(u) is H-convex. 
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For each v E X, we can take a fixed y E T(v) by T(v) # 0. Since T : X -~ 2 Y is ~v-monotone, 
S- I (u)  = (u E X : ~) E S(u)} = { u E X : wET(u)SUp ~(v,w,u)  < O) 3 {u E X : ~(v,y,u) < O}. 
Hence, S- l (v )  ~ UueT(v){u E X : @(v,y,u) < 0}:=G(v).  For each u E S- I (v) ,  by (iii) there 
exists a point vl E X such that 
inf ~(vl ,y ,u)  < O. 
yET(vl) 
By (ii), there exist a point v' E X and an open neighborhood N(u) of u such that 
inf ~(v' ,y,z)  < O, Vz E N(u). 
y~T(v') 
Consequently, for each Vz E N(u), there is a point y~ E T(v') such that ~(v', y', z) < 0, and 
hence, N(u) C G(v') C S-l(v~), i.e., u E int[S-l(v~)]. This shows that S -1 : X --* 2 X is transfer 
open valued. 
Summing up the above arguments, we know that S fulfills all conditions of Lemma 2. Hence, 
by Lemma 2, there exists a point ~ E X such that fi E S(fi), i.e., SUPwET(vt) cp(~,w,~t ) < 0. It 
contradicts (iv). Therefore, Theorem 3 is true. I 
COROLLARY 4. Let (X, {FA}) be a compact H-space and Y a topologicaJ space and ~ : X x 
Y x X ~ R a functional Suppose that T : X --* 2 y is a ~-monotone multivalued mapping with 
nonempty values such that 
(i) ~(x, y, z) is H-quasi-convex in x, 
(ii) ~(x, y, z) is upper semicontinuous in z, 
(iii) for each u E X, there is a point v E X such that 
inf ~(v,y,u)  < 0, 
yeT(v) 
(iv) for each u ~ X,  there is such w ~ T(u), ~(u, w, u) > O. 
Then there exists a point uo ~ X such that 
sup ~(v,w, uo) >_ O, Vv E X. 
wET(uo) 
PROOF. Since Condition (ii) implies Condition (ii) of Theorem 3, the conclusion of Corollary 4 
follows from Theorem 3. 
If X is a nonempty convex subset of a linear topological space E, Y = E*, T : X --* 2 E" is 
monotone, and let ~(x,w,z) = (w,x -z)  for any (x,z) E X and any w E E*, then we obtain 
Corollary 5. 
COROLLARY 5. Let X be a nonempty compact convex subset of a linear topologica] space E and 
T : X --* 2 E" a monotone multivalued mapping with nonempty values. If for each u ~ X,  there 
is a point v E X such that 
inf (w ,v -u )<0.  
wET(v) 
Then there exists a point uo E X such that 
sup (w,v -  u0) _> 0, Vv E X. 
w~T(uo) 
REMARK 2. Corollary 5 has improved Theorem A from a single valued mapping to a multivalued 
mapping. 
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THEOREM 6. Let (X, {FA}) be a compact H-space and Y a Hausdorff topological space, and 
: X x Y x X ~ R be an upper semicontinuous functionM. Suppose that T : X --* 2 v is a 
~-monotone multivalued mapping with nonempty compact values such that 
(i) ~o(x, y, z) is H-quasi-convex in x, 
(ii) for each u E X ,  there is a point v E X such that inf~eT(v) ~(v, y, u) < 0, 
(iii) for each u E X, there exists w E T(u) such that ~(u, w, u) _> 0, 
(iv) for each (x, z) E X x X, the set {y E T(x) : ~(x, y, z) >_ 0} is acyclic. 
Then there exist a point ~ E X and a point fl E T(~) such that 
~(z, ~, ~) > o, 
for all x • X .  
PROOF. By Corollary 4, there exists a point ~ • X such that 
sup ~o(v, w, ~) _> 0, 
weT(z) 
for all v • X. Consequently, by the upper semicontinuity of ~ and the compactness of T(~), for 
each x • X, there exists a point y(x) • T(Y.) such that ~o(x, y(x), ~) >_ O. Let 
H(x) = {y • T(~) :  ~(x,y,~) >_ 0}. 
Then, H : X ~ 2 T(~) is a multivalued mapping with nonempty acyclic values by (iv). Since ~ is 
upper semicontinuous, T(~) is compact and Y is a Hausdorff topological space, H : X --* 2 T(~) 
has closed graph, and hence, H : X ~ 2 T(~) is an upper semicontinuous multivalued mapping 
with closed values. 
If the conclusion of Theorem 6 is false, then for each y • T(~), there exists a point u • X such 
that 
~(u, y, e) < 0. 
Let G(y) = {x • X : ~(x,y,~) < 0}. Then, G : T(~) --* 2 x is a multivalued mapping with 
nonempty H-convex values by (i), and for each x • X, 
G- l (x )  = {y • T(~) :x  • G(y)} = {y • T(~):  ~(x,y,~)  < O) 
is open in T(~). By virtue of Lemma 1, there exist a point x0 • X and a point Y0 • T(~) such 
that xo • G(yo) and Yo • H(xo), i.e., ~O(Xo, Y0,~) < 0 and ~p(xo, Yo,Y.) >_ O. It is a contradiction. 
Therefore, the conclusion of Theorem 6 is true. This completes the proof. | 
If X is a nonempty compact convex subset of a Hausdorff linear topological space E, Y = E*, 
T : X ~ 2 E" is monotone, and let ~o(x, w, z) = (w, x - z) for any (x, z) • X and any w • E*, 
then we obtain the following Corollary 7. 
COROLLARY 7. Let X be a nonempty compact convex subset of a Hausdorff linear topological 
space E and T : X --4 2 E" a monotone multivalued mapping with nonempty compact values. If  
for each u • X ,  there is a point v • X such that 
inf (w ,v -u )<0,  
wET(v) 
and/'or each (x, z) • X x X ,  the set {y • T(x) : (y, x - z) >_ O} is acyclic, then there exist a 
point • • X and a point fl E T(~2) such that 
(fj, z - ~) > o, 
for all x • X .  
REMARK 3. Corollary 7 has improved and extended Theorem A. 
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